Abstract. Let A be a Banach algebra, and X a Banach A-bimodule. A bounded linear mapping D : A → X is approximately semi-inner derivation if there eixist nets (ξ α ) α and (µ α ) α in X suh that, for each a ∈ A,
Introduction and preliminaries
Let A be a Banach algebra, and X a Banach A-bimodule. A derivation is a linear map D : A → X , such that D(ab) = D(a)b + aD(b), (a ∈ A). Throughout, unless otherwise stated, by a derivation we mean a continuous derivation. The space of continuous derivations from A to X is denoted by Z 1 (A; X ). For x ∈ X , set δ x := a.x − x.a, is a continuous derivation from A to X , and is called inner derivation. The space of all inner derivations from A to X is denoted by N 1 (A; X ); the first cohomology group of A with coeficients in X is denotned to be the quotient space H 1 (A; X ) := Z 1 (A; X )/N 1 (A; X ). The Banach algebra A is amenable if and only if H 1 (A; X * ) := {0} for each Banach A-bimodule X , and that A is contractible if and only if H 1 (A; X ) := {0} for each Banach A-bimodule X .
Gourdeau in [5] , showed that a Banach algebra A is amenable if and only if every bounded derivation D : A → X , for any Banach A-bimodule X can be approximated by a net of inner derivations [ [5] , Proposition 1] . A weaker version of this notion is approximate amenability of Banach algebras, that is, a Banach algebras A is approximately amenable if and only if every bounded derivation D : A → X * for any Banach dual A-bimodule X * can be approximated by a net of inner derivations. The concept of approximate amenability of Banach algebras first was introduced and studied by Ghahramani and Loy in [1] . Then they showed that approximate amenability and approximate contractibility of Banach algebras are equivalent [[4] , Theorem 2.1]. They also introduced the concept of approximate semi-amenability in [4] , and studied this notion on tensor product of Banach algebras. Let A be a Banach algebra and X be a Banach A-bimodule. A derivation D : A → X is called approximately inner if there exists a net (ξ α ) in X such that D(a) = lim α (a.ξ α − ξ α .a), for each a ∈ A. D is approximately semi-inner if there are nets (ζ α ) α and (µ α ) α in X such that D(a) = lim α (a.ζ α − µ α .a), for each a ∈ A.
A Banach algebra A is approximately amenable (rep: approximately semiamenable) if for every Banach A-bimodule X , every derivation D : A → X * is approximately inner (rsp: approximately semi-inner). For a Banach algebra A the projective tensor product A ⊗A is the completion of algebraic tensor product A ⊗ A with respect to projective tensor norm, and is a Banach A-bimodule by the multiplication specified by
The dual space (A ⊗A)
* is BL(A × A), the space of bounded bilinear forms on A × A. The product map and it's first and second duals, respectively, specify by
for a, b ∈ A, f ∈ A * and F ′′ ∈ (A ⊗A) * * . Clearly, π is an A-bimodule homomorphism with respect to the above module structure on A ⊗A. Also for Banach algebras A and B, the l 1 -direct sum A ⊕ B equipped with the multiplication (a, b).(c, d) := (ac, bd) is a Banach algebra. Let A be a Banach algebra without a unit, by adjoining "e" as a unit element, we denote it's unitization by A ♯ = A ⊕ Ce. A Banach algebra A is said to be dual if there is a closed submodule A * of A * , such that A = (A * ) * . For a dual Banach algebra A, a dual Banach A-bimodule X is called normal if, for each x ∈ X the maps a → a.x and a → x.a from A into X , are w * -continous. A dual Banach algebra A is Connes-amenable if, for every normal, dual Banach A-bimodule X , every w * -continuous derivation D : A → X is inner. We denote Z 1 w * (A, X ) for the w * -continuous derivations from A into X and
. We will sometimes abbreviate the phrases "bounded approximate identity" and "approximate identity" to B.A.I and A.I, respectively. 
Main results

A Banach algebra
where δ i is the characteristic function of {i} for i ∈ N. Clearly, the sequence (E n ) n is the standard (unbounded) approximate identity of l p . For each n ∈ N, we set A n = E n l p which is a finite-dimensional semi-simple subalgebra of l p , and hence is amenable [[6] , Corollary 1.9.22]. Let D n be the restriction of D on A n , that is, D n : A n → X . So D n is an inner derivation, thus there exists ξ n ∈ X such that 
Now define
Obviously, D ∼ is a continuous derivation. Thus by assumption there are nets (ξ α ) and (µ α ) in X * , such that
This completes the proof. 
Proof. Let A be approximately semi-amenable, then by Proposition 2.1 so is A ♯ . Set u = e ⊗ e. Since kerπ * * is a Banach A-bimodule, thus by assumption δ u ∈ N 1 (A ♯ , kerπ * * ). So there are nets (m α ) and (n α ) in kerπ * * such that for each a ∈ A ♯ , δ u (a) = lim α (a.m α − n α .a). Now we set M α = u − m α and N α = u − n α , which are nets in (A ♯ ⊗A ♯ ) * * , and so we have
Conversely, fixed α.
n,α and n
n,α ) λ are bounded nets in X * , which have w * -accumulation points such as η α and ξ α in X * , respectively. Without loss of generality, we suppose that η α and ξ α are respectively, the w * -limits of (
which is a bilinear and continuous map. Also by assumption we have
2), and neo-unitality of X , for each a ∈ A ♯ and x ∈ X , we have
and therefore lim α x, a.η α = x, D(a) + lim α x, a.ξ α . It follows that D is approximately semi-inner and consequently, A is approximately semi -amenable.
Similarly, we have the following parallel result.
Theorem 2.3. The Banach algebra A is approximately semi-contractible if and only if there exist nets
Proof. The proof is similar to Theorem 2.2.
Note with a small variation in argument of Proposition 1 from [4] . we see that approximately semi -amenability and approximately semi-contractibility of a Banach algebra are equivalent. Now consider the following Lemmas which we use them in the some parts of this section.
Lemma 2.4. Let X and Y be Banach spaces, T : X × Y → C a continuous bilinear form. Then T has a continuous extension T :
Proof. See [9] .
Lemma 2.5. Let A be Banach algebra. Then there is a continuous linear mapping Ψ : A * * ⊗A * * → (A ⊗A) * * such that for a, b, x ∈ A and m ∈ A * * ⊗A * * the following hold:
Proof. See [3] .
The following Lemma is similar to Lemma 2.5 for general case.
Lemma 2.6. Let A and B be Banach algebras. Then there is a continuous linear mapping Ψ : A * * ⊗B * * → (A ⊗B) * * such that for a ∈ A, b ∈ B, x = (a ′ ⊗b ′ ) ∈ A ⊗B and m ∈ A * * ⊗B * * the following hold:
Proof. There is an isometric isomorphism between, bilinear maps B(A × B; C) and (A ⊗B) * as follows,
(i) Let a ∈ A and b ∈ B then we have,
(ii) Let F ⊗G ∈ A * * ⊗B * * and x = a ′ ⊗b ′ ∈ A⊗B and T : A×B → C be a bilinear map. Take nets (a i ) ⊂ A and (b j ) ⊂ B with a i → F and b j → G in w * -topology on A * * and B * * , respectively, then so are
The argument for (iii) is similar.
* -topology on A * * and B * * , respectively. Then
This finishes the proof.
Definition 2.7. Let G be a locally compact group. A subset S 1 (G) of the Banach algebra L 1 (G) is said to be a Segal algebra if it satisfies the following conditions:
is a Banach space, with norm . s , and
It readily follows from the above conditions that S 1 (G) is a left ideal of the algebra L 1 (G) (whit convolution as multiplication), and that
holds for all f ∈ S 1 (G) and all h ∈ L 1 (G), in particular it follows that S 1 (G) is in fact, a Banach algebra. Proof. Let G be a locally compact, SIN group and S 1 (G) be a proper Segl subalgebra of L 1 (G). Take {v α } α be compact conjugate invariant neighborhoods basis of the identity in G. So {v α } α forms a directed set under inclusion. For each v α define U vα : G → C with U vα (v c α ) = 0 and G U vα (t)dµ(t) = 1. Then by Theorem 13.4 from [10] 
On the one hand, S 1 (G)
, and by eqs 2.3
e ⊗ (F n,β + e).
Obviously,
For each
(iii) π
e.(F n,β + e) → e.
Hence by Theorem 2.2 S 1 (G) is approximately semi-amenable.
Recall : This kind of Segal algebras are not approximately amenable [8] .
Let "e" be a unit for A ♯ , then we consider
where "E" is unit of (A * * ) ♯ . 
For each α ∈ Λ there are nets (m
α → N α in w * -topology. Therefore, by Lemma 2.6 for continuous linear mapping Ψ :
where "E" is unit of (A ♯ ) * * . Consequently, A is approximately semi -amenable.
Proposition 2.11. Let A be approximately semi-amenable and ϕ : A → B be a continuous epimorphism then B is approximately semi-amenable.
Proof. Let X be a Banach A-bimodule and D : B → X * be a continuous derivation.Then X is a A -bimodule by product induced via ϕ as follows
Thus Doϕ ∈ Z 1 (A, X * ) is approximately semi-inner. Then there are nets (µ α ) and (ξ α ) in X * such that
Therefore, for every b ∈ B,
and so B is approximately semi-amenable. Equivalently, B is approximately semi -contractible. Proof. Let X and Y be respectively, Banach A-bimodule and Banach B-bimodule and for a ∈ A , b ∈ B , x ∈ X and y ∈ Y. Clearly, the mapping
) is a continuous derivation. So by assumption there are nets {(x α , y α )} α and {(x for each a ∈ A , b ∈ B and x ∈ X . Clearly, D induces two continuous derivations as follows
for each a ∈ A and b ∈ B .
According to approximate semi-contractibility of A and B, they have A.I. let (e α ) α and (f α ) α be right and left A.I for A, respectively. Also (e 
Letting,
Thus the nets (ψ α ), (µ α ) are belong to X and
So D is approximately semi-inner and consequently, A ⊕ B is approximately semicontractible.
Example 2.14. Let l p and l q , (1 ≤ p, q < ∞) be Banach sequence algebras. By discussion at the begining of this section both l p and l q are approximately semiamenable, then by Theorem 2.13, l p ⊕ l q , and generally, ⊕ Proof. Let X be a Banach A-bimodule, and D : A → X be a continuous derivation. So X ⊗B is a A ⊗B-bimodule by following module actions
Consequently, D ∼ is a derivation. By assumption, D ∼ must be approximately semi-inner, so there exist nets 
By setting 
Since for a non-zero character ϕ on l p ; the map x ⊗ y → ϕ( 
